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1. Introduction

Goal: Attribute part of an observed outcome to different cause, E.g.:

• How much revenue should be attributed to each ad?

• What portion of lives saved should be attributed to a physician versus
a drug?

Why are we interested in attribution?

• People ask themselves such questions all the time

– it E.g., did I fail because I didn’t study or the exam was hard?

– Behavioral lit. explores how people assign credit (Positive Work)

– Is there a normative benchmark?

• Recent interest in Industry

– E.g., what’s the ROI on each of the firm’s investments?

– Marketing lit. explores variety of attribution rules

This presentation explores the normative question:

How should we give credit to different causes?
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What is attribution? Is it causal?

“Of great importance for our picture of the social environment
is the attribution of events to causal sources. It makes a real
difference, for example, whether a person discovers that the stick
that struck him fell from a rotting tree or was hurled by an enemy.”
Fritz Heider (described in Social Pschyology by Sanderson as “The
Father of Attribution Theory”), 1958

“Multi-touch attribution uses the information collected during the
campaign to estimate the effectiveness of each publisher and the
contribution of each ad exposure (“touch”) to each consumer
response.” Ron Berman, 2018

“Attribution is the act of assigning credit for conversions to dif-
ferent ads, clicks, and factors along a user’s path to completing a
conversion. An attribution model can be a rule, a set of rules, or a
data-driven algorithm that determines how credit for conversions
is assigned to touchpoints on conversion paths.” Google, 2022

“Understanding causal contributions is important in empirical sci-
ences and data-driven disciplines since it allows to answer practical
queries like “what are the contributions of each cause to the ef-
fect?” Jung et al, 2022 ”
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Goal: Attribute part of an observed outcome to different causes

Single Cause Ex: How much revenue should be attributed to advertising?

• Quantity of Interest: How much more revenue was there relative to a
world with no advertising? (‘Simple’ comparison of two potential outcomes)

• Estimation: Standard Causal Inference (can be challenging but familiar)

Multiple Cause Ex: How much revenue should be attributed to each ad?

• Quantity of Interest: We argue it’s unclear

• Estimation: Equal Credit, Last Touch, Shapley Values, ...

Note: There are two components to attribution!

1. Start by articulating the quantity of interest

2. Then return to the task of identification and estimation
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Why is Attribution Less Clear with Multiple Causes?

(A1 is indicator for seeing Ad 1, A2 is indicator for seeing Ad 2)

Single Cause:

Revenue = (Ad 1’s Value)×A1

Attribution clear

Two Simultaneous Causes (or unknown order):

Revenue = (Ad 1’s Value)×A1 + (Ad 2’s Value)×A2

+ (Value of their Interaction)×A1 ×A2

Attribution not clear

Two Sequential Causes:

Revenue = (Ad 1’s Value)×A1 + (Ad 2’s Value)×A2(A1)

A2(A1) = (Ad 1’s effect on Ad 2)×A1

Attribution not clear

4



Examples

Example I: An individual sees a physician and takes a drug,

and survives. She would not have survived had she not seen

the physician and not taken the drug. How should we attribute

survival to the physician and the drug? Does it matter that she

would not have taken the drug without seeing the physician?

Example II: An individual sees a sequence of ads and makes

a purchase. In the absence of seeing the ads, the individual

would not have made the purchase. How do we attribute the

amount of the purchase to the separate ads?

Example III: An individual buys an e-book reader and purchases

some e-books. How do we attribute the profits to the e-books

and the e-reader?
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Older attribution schemes include:

� Last Touch Attribution

� Shapley Value Attribution

Newer attribution schemes:

� Incremental Causal Value Attribution

� Total Causal Value Attribution

(see references at end of slides)

None are completely satisfactory.
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Simple Set Up (for expositional reasons)

Two periods, no simultaneous causes, each cause is limited to one period.
Other than ruling out simultaneity, this is all for expositional reasons.

• Period 1: W1 ∈ {0, P}, Individual can visit a physician or not

• Period 2: W2 ∈ {0, D}, Individual can take a drug or not

• Y ∈ {0,1}, Outcome is success (survival, 1) or failure (death, 0)

� We see someone visiting the physician in the first period, and taking the
drug in the second period, and surviving: (W1,W2, Y ) = (P,D,1)

� We know this person would have died had they not visited the physician
and not taken the drug: Y (0,0) = 0

How should we attribute the success/survival to the physician and
the drug? (attribution means assigning total gain to components)

What aspects of the problem does the attribution depend on?
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Coding up the information in terms of missing and observed potential out-
comes, partly to clarify causal nature of the questions:

Potential Outcomes Y (0,0) 0
Y (P,0) ?
Y (0, D) ?
Y (P,D) 1

Potential Treatments D(0) ?
D(P ) D

Four questions:

� Does/should the attribution depend on the missing potential outcomes
Y (P,0) and Y (0, D)?

� Does/should the attribution depend on the missing potential treatment
D(0)?

� Does/should the attribution depend on additional information beyond
this?

� Does/should the sequencing (P first, D second) matter?
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Suppose we know all the missing potential outcomes and treat-

ments:

Potential Outcomes Y (0,0) 0
Y (P,0) 0
Y (0, D) 1
Y (P,D) 1

Potential Treatments D(0) 0
D(P ) D

How do we attribute the survival then? To physician, to drug,

or shared?
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The Ill-Posedness of Attribution

Note the Following are all true:

• Seeing the Physician led them to take the Drug

• Taking the Drug led them to Survive

• Seeing the Physician led them to Survive

So we can reasonably say either:

• Seeing the Physician caused the Patient to survive

• Taking the Drug caused the Patient to survive

Potential Outcomes Potential Treatments

Y(0,0) = 0
Y(P,0) = 0 D(0) = 0
Y(0,D) = 1 D(P) = D
Y(P,D) = 1
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Causal Effects (lots of them!)

Total causal effect of P : Y (P,D(P ))− Y (0, D(0))

Direct causal effect of P : Y (P,D(0))− Y (0, D(0))

Indirect causal effect of P : Y (P,D(P ))− Y (P,D(0))

Causal effect of P on D: D(P )−D(0)

Direct Causal effect of P given W2 = w2: Y (P,w2)− Y (0, w2)

Total Causal effect of D Given P: Y (P,D)− Y (P,D(P ))

Direct Causal effect of D given W1 = w1: Y (w1, D)− Y (w1,0)

Total Causal Effect of D (Given P=0): Y (0, D(0))− Y (0,0)
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Total effect of P can be decomposed as:

Y (P,D(P ))− Y (0, D(0))

=
(
Y (P,D(0))− Y (0, D(0))

)
︸ ︷︷ ︸
direct causal effect of P on Y

+

effect of P on D︷ ︸︸ ︷(
D(P )−D(0)

)
×

effect of D on Y given P︷ ︸︸ ︷(
Y (P,D)− Y (P,0)

)
︸ ︷︷ ︸

indirect causal effect of P on Y through D

� Direct causal effect of P on Y is attributed to P

� Indirect causal effect of P on Y through D can be attributed

to D or P (this is key challenge)
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Attribution problem is about dividing credit for indirect causal effect
of P (through D) on Y

Y (P,D(P ))− Y (P,D(0)) =
(
D(P )−D(0)

)
×
(
Y (P,D)− Y (P,0)

)
to P and D.

Back to:

Potential Outcomes Y (0,0) 0
Y (P,0) 0
Y (0, D) 0
Y (P,D) 1

Potential Treatments D(0) 0
D(1) 1

Y (P,D(P ))− Y (0, D(0)) = 1 total effect of P is 1

Y (P,D(0))− Y (0, D(0)) = 0 direct effect of P is 0

Y (P,D(P ))− Y (P,D(0)) = 1 indirect effect of P is 1
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Last Touch Attribution

Attribution for indirect causal effect of P on Y goes to D.

� Estimable if we can estimate µ(0,0) = E[Yi(0,0)]
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Shapley Value

Shapley value attribution: surplus beyond direct effects

Surplus gets split equally between P and D︷ ︸︸ ︷(
Y (P,D)− Y (0,0)

)
︸ ︷︷ ︸

Total Gain

−
(
Y (P,0)− Y (0,0)

)
︸ ︷︷ ︸

Goes to P

−
(
Y (0, D)− Y (0,0)

)
︸ ︷︷ ︸

Goes to D

= 1

� Often estimated using µp,d rather than µ(p, d).

� Attribution does not depend on causal effect of P on D,

D(P )−D(0)
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Incremental Causal Attribution Value

Start from the beginning:

P gets credit for its direct effect:

Y (P,0)− Y (0,0) = 0

D gets credit for the effect conditional on past:

Y (P,D)− Y (P,0) = 1

� Indirect effect goes to last cause.

� Attribution does not depend on causal effect of P on D,

D(P )−D(0)
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Total Causal Attribution Value

Start from the beginning:

P gets credit for it’s total causal effect:

Y (P,D(P ))− Y (0, D(0)) = 1

D gets credit for remainder

Y (0, D(0))− Y (0,0) = 0.

� Indirect effect goes to first (root) cause.

� Attribution does depend on causal effect of P on D, D(P )−
D(0)
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Back to our example:

Potential Outcomes Y (0,0) 0
Y (P,0) 0
Y (0, D) 0
Y (P,D) 1

Potential Treatments D(0) 0
D(1) 1

Three principled/unique/well-defined attribution schemes
attribute credit differently:

P Gets: D Gets:

Shapley Value: 1/2 1/2

Incremental Causal Value: 0 1

Total Causal Value: 1 0

Can any of these attribution schemes be right in general?
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No single one is always the right answer:

� Suppose P is seeing physician, and D is going to the pharmacy to fill
the prescription. P should get all credit, and total causal value
attribution seems right.

� Suppose P is making an appointment an D is actually going to the
physician’s office. Then D should get the credit and incremental
causal value seems right.

� Suppose P is seeing physician A and making an appointment an D is
seeing physician B, but you only get surgery if both approve the surgery.
Then credit should be split and Shapley value attribution seems
right.

� Maybe attribution should depend on additional information, e.g., the
cost of changing the treatment.
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Attribution of credit Y (P,D)−Y (0,0) for individual with path (P,D) under
three attribution schemes.

Example =⇒ I II III IV

Potential Outcomes Y (0,0) 0 0 0 0
Y (0, D) 0 1 1 0
Y (P,0) 0 0 0 1
Y (P,D) 1 1 1 0

Potential Treatments D(0) 0 0 1 0
D(1) 1 1 1 1

Shapley: D 1/2 1 1 0
Shapley: P 1/2 0 0 0

Incremental Causal: D 1 1 1 -1
Incremental Causal: P 0 0 0 1

Total Causal: D 0 0 1 0
Total Causal: P 1 1 0 0
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Given attribution scheme, can we estimate average attribution? This relies
on causal inference methods.

Suppose unit i receives P ∗i and D∗i , and P and D get attributed

g(P ∗, D∗, Yi(·), Di(·)) & Yi(P
∗
i , D

∗
i )− Yi(0,0)− g(P ∗, D∗, Yi(·), Di(·))

Can we estimate the average attribution for P

1

N

N∑
i=1

g(P ∗, D∗, Yi(·), Di(·))

and for D

1

N

N∑
i=1

(
Yi(P

∗
i , D

∗
i )− Yi(0,0)− g(P ∗, D∗, Yi(·), Di(·))

)
We cannot do this in general.
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Suppose we have really good data:

� P is randomly assigned:

P ∗ ⊥⊥ Y (0,0, Y (0, D), Y (P,0), Y (P,D), D(0), D(P )

with pr(P ∗ = 0) = q ∈ (0,1).

� D is randomly assigned conditional on P ∗ = p ∈ {0, P}:

D∗ ⊥⊥ Y (p,0), Y (p,D)
∣∣∣ P ∗ = p

with pr(D∗ = 0|P ∗ = p) = rp ∈ (0,1) for p ∈ {0, P}.

Then we can estimate the components of the average causal effects:

µ(p, d) = E[Y (p, d)], α(d|p) = E[Y (p, d)|P ∗ = p]

and

β(p) = E[D(p)]

Without the random assignment assumptions NOT in general the same as

µp,d = E[Y (p, d)|P ∗ = p,D∗ = d], αd|p = E[Y (p, d)|D∗ = d, P ∗ = p]

βp = E[D(p)|P ∗ = p]

So, if the the average attribution depends only on µ(p, d), α(d|p) and β(p),
then we can estimate the attribution.
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Conclusion

Reporting results from single attribution scheme is mis-

leading

What Should We Do?

� Report various causal effects?

� Report various attribution results?
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Ranking Attribution Rules

Let a(A1, A2) ∈ R2 be an attribution rule.

Instead of choosing a question that corresponds to an a partic-
ular a, you could have preferences over attribution rules E.g.,:

a1 < a2

Preferences could come from anywhere, but we suggest em-
bedding a in a decision problem.

Ex. Investments in future ad spend is based on attribution rule.
How much of our budget should be spent on each ad?

a∗ = arg max
a

E [Y (K(a),W (a))]

s.t. aK + aW ≤ b
P(j) = Ij(a) for j ∈ {K,W}

where b is our budget constraint, and Ij is investment in ad j.
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General Decision Problem

In general, the model can get more complicated, E.g., What if
the causes are agents choosing effort, ei?

e∗i (a) = arg max
ei

ai(ei, e
∗
−i)− c(ei)

where c(·) is the agent’s cost of effort.

Here, the decision maker should account for the endogenous
response of agents, e∗:

a∗ = arg max
a

E
[
Y
(
e∗(a)

)]
s.t.

∑
i

ai ≤ b

Note: If budget constraint doesn’t bind, no need to constrain
a to ‘add-up’ ⇒ you may prefer an unconstrained model:

a∗ = arg max
a

E
[
Y
(
e∗i (a)

)]
− c(a)
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